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AN ANALYTIC METHOD FOR ELASTIC-PLASTIC SOLUTIONS

I. S. TUBA

Mechanics Department, Westinghouse Research Laboratories, Pittsburgh, Pennsylvania

Abstract-The general three dimensional elastic-plastic problem is formulated in terms of the total displacements
and the plastic strain components. The resulting governing equations are applicable to arbitrary orthogonal
curvilinear coordinate systems and to arbitrary theories of plasticity. A method is developed for the solution of
two dimensional problems, and it is used for the analysis of a circular hole in a flat plate under uniaxial tension.
The same method could be generalized for three dimensions.

The purpose of the paper is to illustrate that a straightforward, simple approach can be used to formulate
and solve otherwise very complicated and mostly unsolved elastic-plastic problems.

NOTATION
Eii total strain components
Eij elastic strain components
Eij plastic strain components
T·· stress components

u;:} displacement components
U, [1, W

E modulus of elasticity
v Poisson's ratio

A = (l ~v~; -2Vl!Lame constants

Jl = 2(1 +v)

ex coefficient of thermal expansion
fJ ex(3). +2Jll
T temperature
oij Kronecker delta
e strain invariant
Fi component of body force
p density of material
f loading function, yield condition or yield function
C a scalar which may depend on stress, strain and their history
gii metric coefficients
hi distortion coefficients
Xl' X2> X3 curvilinear coordinates
C';i variable coefficient of auJoxi term in the differential equation
x"bi constants defined in the Appendix
w over-relaxation factor
U y yield strength of an actual stress-strain curve when set equal to the proportional limit
u0 yield strength for bilinear representation of stress-strain curves (see Fig. 2)
For a, r"', m, n, M, N, r.. , dr.. , dll, II. see Fig. Bl.
K., K. stress and strain concentration factors

1. INTRODUCTION

PLANE elastic-plastic problems have been formulated in terms of an elastic-plastic stress
function and the plastic strains by the writer [1,2]. Similar formulations have been con
sidered also by Roberts and Mendelson [3] for thermal stress problems. The method is very
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convenient for the solution of plane, singly connected regions. It can also be used for
multiply connected regions but the determination of the linear part of the elastic-plastic
stress function becomes quite complicated.

The purpose of the present paper is to formulate three dimensional and plane problems
in terms of the total displacements and plastic strain components. Solutions will have
the same degree of complexity for singly or doubly connected regions.

A method of solution of the governing equations is illustrated on the problem of a
circular hole in a unidirectionally stressed flat plate. It is believed that the same method
can be used also for the solution of some three dimensional problems.

2. FORMULATION OF GOVERNING RELATIONS

For convenience the general three dimensional problem is discussed with the use of
tensor notations,

Consider the following basic equations:
Strain-displacement relations

(1)

Elastic stress-strain relations

where
Of ij I Ii
~ = g €ij = €;

Equilibrium equations

jk F ..
g Tij,k+ ; = PUi

Substitute equation (2) into equation (4)

or

ae' jk' aT _"
Aaxi +2flg €ij,k - Pax; +F; - pu;.

But from equation (1)

jk , 1 jk( jk "
g €"k = -g u· 'k+ U , 'k)-g €"k'J, 2 ',J J.' 'J,

Since

(2)

(3)

(4)

(5)

(6)

(7)

and (8)
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Note that because of the incompressibility of the plastic part of the material 0" = 0,
therefore

0' = 0.

Substitute equation (7) into equation (6)

(
1 ) 00".jk 2 ,.jk" f3 0T F "
11.+/1 oxi +/1l5 Ui•jk - /1l5 £ij,k- oxi + i = pUi •

But
'k Z

gJ Ui,jk = V Ui ,

therefore

(9)

(10)

(11)

The governing relation as given in equation (11) must be accompanied by the initial and
boundary conditions. It should be noted that for continuous and singly valued displace
ments, the conditions of compatibility are automatically satisfied.

Plastic strain components depend on the past history of the deformation

where

" J d"£ij = £ij
LP (12)

when loading

when unloading
(13)

and LP indicates loading path.
References [1-3] discuss the methods of computing plastic strain components. The

methods are not discussed in the present paper in detail. Expression (11) is a tensor equa
tion. Since our prime interest is elastic-plastic stress and strain concentration it is neces
sary to expand equation (11) for various orthogonal curvilinear coordinates. The results
are given in the appendix for the general case in terms of the distortion coefficients. Inertia
and body forces are not included and uniform temperature is assumed. As an example, a
polar coordinate system is considered.

For equilibrium in the r direction let Xl = r, X z = e, U l = U, Uz = V, hi = 1 and
hz = r in equations (AI) and (A3) of the Appendix.

For equilibrium in the e direction take Xl = e, X z = r, U l = V, Uz = U, hi = rand
hz = 1. After some rearrangements the following two equations are obtained

1- v" I - v oy~o
---£0+----

r 2r oe

(14a)
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(14b)
I - v cY;o I - v "

+-2 a;:-+-r-Yro .

Of course these equations could be derived in polar coordinates without the use of equa
tion (AI), but a corresponding development for other coordinate systems could be very
involved by a direct formulation.

3. EXAMPLE: CIRCULAR HOLE IN A UNIDIRECTIONALLY STRESSED
FLAT PLATE

A flat plate of infinite extension is considered which is stretched in the x direction by a
known one directional stress (J 00 at infinity. A circular hole is located in the plate with its
center placed at the origin. It is convenient to use the polar coordinate system shown in
Fig. 1. The loading is such that the portion of the plate around the hole is stressed beyond

Fictitious ~y-~
'"""~~ / '\
L_--t----'I

rro

~
For Free Hole:

\

~r·.Oo
r6

/

'~ /-0 andT 6

~ I / gi~enbY~he
-,- elastic solution

FIG. 1. Illustration of the geometry.

the elastic limit of the material. The usual plane stress assumptions are used. The elastic
solution [4] to this problem is well known and will not be repeated here. It is only noted
that the maximum tangential stress and strain concentration factors are at r = a and
lJ = ±re/2

(15)
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The effective stress and strain concentration factors are also equal to three.

547

Review ofprevious work

Since in [1] of this paper the writer reviewed in detail the recent state of both theoretical
and experimental elastic-plastic analysis, here only a brief account is given for the example
in consideration.

Stowell [7] formulated the problem in terms of the secant modulus. Approximate
stress distribution was adjusted to minimize the mean square of the error in satisfying the
equilibrium equations. There were no considerations given to compatibility of strains.
Although Stowell's procedure is questionable in several respects, it is still commendable
for two reasons: It is the first attempt known to the writer to solve a two dimensional
elastic-plastic problem for arbitrary stress-strain curves; furthermore it is simple to use
by a trial and error method.

The work of Budiansky and Vidensek [8] is considerably more sophisticated. The solu
tion for the final stress components is obtained by adding a corrective solution to the
elastic solution of the corresponding problem. The stress-strain curve used is that of
Ramberg and Osgood [9]. The solution is based on the simple deformation theory of
plasticity and is found by application of a variational principle in conjunction with the
Rayleigh-Ritz procedure.

The formulation is very lengthy and involved. The approximate solution is possible
by computers using numerical techniques. The method of Budiansky and Vidensek could
be applied to other geometries but as presented in [8] it is applicable only to the circular
hole problem. For small loads and low strain hardening the results agree fairly well with
the results of Stowell, but for high loads and considerable strain hardening the disagree
ment is pronounced.

Griffith [10] experimentally investigated the case of a circular hole in flat 24S-T
aluminum panels using electromagnetic strain gages.

The same material was used by Box [II J but the strain measurements were made by
measuring the distance between gage marks with an optical slide comparator which read
directly to oo5סס·0 of an inch.

A photoelastic coating technique was used by Dixon [12] on flat aluminum bars.
An experimental determination of the elastic-plastic stress and strain distribution by

the Moire method is given by Durelli and Sciammarella [13].
Fried and Shoup [14] found that the photoelastic effect in polyethylene varies linearly

with principal strain difference well beyond the range of stress-strain linearity for this
material. The nondimensional stress-strain curve for polyethylene over the range of strain
rates employed was found to be similar to that of 3.S aluminum.

Frocht and Thomson [15] used thin models of cellulose nitrate to extend the phot'o
elastic method to the plastic state.

A quantitative comparison of the results of these investigations seems very difficult if
not impossible because of the numerous variables involved.

Since the stress-strain curves of Theocaris and Marketos [5] and Johnson [6] are used
in the present work, some of their results will be reported in Section 5.

This brief review is concluded with the appropriate remark of Budiansky and Viden
sek [8]: "The theoretical solution presented for the stresses in the plastic range around a
circular hole in a plate subjected to uniaxial tension is very far from a, final answer to the
problem considered."
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The present paper cannot offer that final answer either. On the other hand it presents
a very simple formulation readily applied to a wide variety of geometries and either to the
deformation or to the incremental theories of plasticity.

Method of solution

Consider equations (14) written in a symbolic form as

D llu+D I2 V = cD

D 21 U+D 22 v = 'P

(16a)

(16b)

where the D's are the given differential operators, and cD and 'P represent the right sides.
The elastic solution, given in [4], satisfies equations (16) if cD = 'P = O. This solution

can be denoted by uO,o and vO,o. In what follows the first subscript of u and v will denote
how many times the right sides have been reestimated and the second subscript the number
of iterations applied to the displacement components for a given estimate of the right
side. From this elastic solution, which will contain stresses above the elastic limit, the
elastic-plastic problem is attacked by the procedure described in the next paragraph.

From the elastic solution estimate an initial value of the plastic strain components by
subtracting the elastic strains from the total strains derived from UO,o and vO,o' The proce
dure for doing this is given in [1-3J.

Compute the corresponding right sides and denote them by <1>0 and 'Po. Closed form
solution of this problem seems impossible, but the equations can be put into finite dif
ference form and solved by relaxation or other techniques. For example, equations (16)
can be solved by the following iteration sequence:

Dllu1,i = cDo-D 12v1,i-l

D 22 vl,i = 'PO-D21 U 1,i'

(17a)

(17b)

The iteration can be stopped when the solution stabilizes. Based on the new solution the
right sides are recomputed and the sequence is repeated until the plastic strains stabilize.
For the pth iteration on the plastic strains and the ith iteration on the displacement,
equations (16) take the form

D 11 Up,i = cDp - 1 - D12 v p,i-l

D 22 Vp,i = 'Pp-I-D21Up,i'

(18a)

(18b)

The above outlined method can be adopted equally well for the total or deformation
theories and for the incremental theories of plasticity, and can be used for arbitrary non
linear strain hardening materials including the elastic perfectly plastic condition as a limit
ing case. It is postulated that there is a relationship between the effective stress and the
effective plastic strain which, in general, need not be an explicit function, but for practical
reasons in most cases, it is displayed in the form of the usual stress-strain curves.

An alternate to the sequence of iterations given by equations (18) can be performed as
follows: Continuously compare the relative residuals of the two equations to each other,
and resolve the one which has the larger relative residual. Relative residuals are defined
as the ratio of the maximum present residual to the maximum residual for the exact elastic
solution.
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In numerical solutions infinite regions cannot be used. Instead an outer boundary
with a large radius is considered. Radial and shear stresses are maintained on this boundary
which are the same as given by the corresponding elastic solution for that circle. Of course
the displacements could be specified at the boundaries instead of the load just as well.

Because of symmetry only one fourth of the region is used.
From equations (1) and (2) the following conditions are obtained:

At r = a and r = roo

au I 0'~(1- v
2

) V [av] [ " "J- = . - u +- + £r +V£9ar p,i E r ae p,i-l p-l

av I T~9 1 ~ au] "I- = -+- v-- +Yr9ar p,i G r ae p,i p - 1 .

n
At e = 0 and e= 

2

Vp,i = 0

aul = o.ae p,i

(19a)

(19b)

(19c)

(19d)

These conditions are sufficient for the solution of the problem.
Establishment of the quantities cI> and 'I' near the elastic-plastic boundary requires

special attention in certain cases. The governing equations (14) apply equally well for the
elastic region where the right side is zero, and for the plastic region where the right side
depends on the plastic strains. For many real materials, elastic-plastic boundaries are very
difficult to define because the transition is very smooth. On the other hand when an idealized
material is assumed, with well defined yield point, there are discontinuities in the derivatives
of the stresses and plastic strains at the elastic-plastic interface. Fortunately this causes no
more difficulty in the computations than a real boundary. Simply, when derivatives are
evaluated the appropriate forward or backward difference equations are used.

The writer cannot offer proof of uniqueness of the solution. In any problems considered
the resulting displacements were continuous.

Since the above description of the method of solution is very symbolic a somewhat
more detailed discussion on a numerical method of solution is presented in Appendix B.

4. DISCUSSION OF RESULTS

The method of solution as described in the previous section, and in the Appendix,
provides the stress, strain and displacement components at every node point ofa curvilinear
network. Due to space limitations it is not possible to give these data. The following is
restricted mostly to the illustrations of the development of the elastic-plastic boundaries
and of the maximum stress and strain concentration factors. In the calculations which
have been performed by the present method, actual stress-strain curves have been used.
These stress-strain curves were taken from such references which already consider some
form of analysis for the circular hole problem.
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There are no experimental results available which correspond exactly to the infinite
plate assumptions. Some experimental results have been published for perforated strips,
therefore the comparison which follows will be more qualitative than quantitative.

In the examples, a circular hole of unit radius is considered.
Although it is known that incremental theories give more realistic solutions the present

examples are worked out for a deformation theory based on the von Mises flow criteria.
The method is applicable to both theories but the deformation theory requires less work
than the incremental theory.
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The maximum stress and strain concentration factors, in each case discussed, apply to
n

the points r = a, e = ±"2' and they are defined as

(20a)

and K =~.<.
feff.oo

(20b)

Normalized steel

Peterson [16] applied Stowel's [7] method to the stress-strain curve of SAE 4130
normalized steel (see curve A of Fig. 2). Stowel's method produces the concentration factors
which are shown by the dashed lines on Fig. 3.

- Present Method

--- StaNel' s Method

FIG. 3. Comparison of stress and strain concentration factors for SAE 4130 annealed steel for Stowel's
and the present method.

The same stress-strain curve has been used also by the writer in the present study.
The resulting concentration factors are shown by the solid lines in Fig. 3. Since at r = a;
e = ± nl2 the only stress component is (J/J' the effective and tangential stress concentra
tion factors are the same. At the same point in addition to the tangential strain there also
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exists a radial strain, therefore the tangential and the effective strain concentration factors
have different values. The shape of the elastic-plastic boundaries are shown on Fig. 4,
for several stages of loading.

FIG. 4. Elastic-plastic boundaries for SAE 4130 normalized steel.

Aluminum alloy

Theocaris and Marketos [5] have used AA5357 (57S) aluminum alloy (curve B of
Fig. 2) in their study of narrow perforated strips applying the birefringent coating method.
The largest width to hole diameter ratio they used was three. Both the elastic and the elastic
plastic stress and strain concentration factors have two different values depending on what
is used for the basis of comparison. The results of Theocaris and Marketos are shown in
Fig. 5, with dashed lines. Following the notation ofTheocaris and Marketos the subscript '1
refers to the case when the whole width of the strip is used for basis of comparison and
subscript f1 to the case when the comparison is based on the minimum cross section. The
equal effective stress lines which correspond to (Jeff = (Jo of the Theocaris-Marketos
solution are given on Fig. 6. These lines would correspond to the elastic-plastic boundaries
if the stress-strain curve would be approximated by the bilinear curve as shown in Fig. 2.

The actual stress-strain curve of Theocaris and Marketos was also used by the writer
in the solution of the infinite plate problem. The resulting concentration factors are plotted
in Fig. 7, and also in Fig. 5 with solid lines.

On Fig. 8 two sets of equal stress lines are shown, both of which are the results of the
present solution. The dashed lines are for (Jeff = 0'0' These could be considered as elastic
plastic boundaries for a bilinear representation of the stress-strain curve. The other set,
with solid lines, represent (Jeff = O'y, where O'y is the highest stress still on the linear part
of the actual stress-strain curve. Since the results of Theocaris and Marketos apply to
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FIG. 8. Elastic-plastic boundaries for aluminum alloy AA5357 (5751.

the narrow strip and the present solution is for an infinite plate, any comparison of the
two must be qualitative only. Due to the different nature of these problems it was not
possible to use a common loading factor, therefore the loading stages do not correspond.
It is important to note that the shape and size of the plastic region in the initial stages of
yielding depend a great deal on the assumptions made concerning the transition part of
the stress-strain curve.

Annealed aluminum

Johnson [61 used AA 1100 commercially pure annealed aluminum for perforated
tensile panel specimen. The panel width to hole diameter ratio was six. The stress-strain
curve of the material is plotted on Fig. 2. using two different scales. The scale on left should
be used for curve C and the scale on the right for curve C.

Johnson used strain gages to measure the strain along the minimum cross section.
The actual stress-strain curve of Johnson has been used by the writer for the infinite



An analytic method for elastic-plastic solutions 555

plate and a comparison of results is carried out in Fig. 9. Since the load (J OJ of the infinite
plate cannot be compared directly either to the applied load (JL' or to the average stress
(J A, both of these are indicated on the figure. Actually (J OJ should correspond to some
stress between (JLand (JA' The obtained results agree fairly well if we consider (JA close
to (J OJ' This can be justified on the basis that the strip is wide as compared to the diameter
of the hole.
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Whether any quantitative comparisons would be justified or not, based on the above
results. it can be concluded that the analytical solutions as obtained by the method pre
sented here are reasonable.

5. CONCLUSIONS AND GENERALIZATION

Elastic-plastic problems are formulated in terms of the displacements and the plastic
strain components. The equations are given in terms of arbitrary orthogonal curvilinear
coordinates for three dimensional, plane strain and plane stress conditions.

The formulation can be used for plane singly connected regions. Its advantage is more
outstanding for multiply connected regions where the nonhomogeneous biharmonic
equation method in terms of an elastic-plastic stress function leads to complications.

The present formulation can be used equally well both with the deformation theories
and with the incremental theories of plasticity for arbitrary nonlinear stress-strain
relations. Deformation theories require less work, but the incremental theories yield more
accurate results.

The practicality of the formulation is illustrated for the problem of a circular hole in
a unidirectionally stressed flat plate. An iterative method is presented for the solution of
the two simultaneous second order nonhomogeneous partial differential equations.

It is noted that the same method can be generalized for three dimensional problems.
For three dimensional case, equation (AI) can be rewritten as

D llu+D 12v+D 13w = <I> (2Ia)

D21U+D22V+D23W = 'P (2Ib)

D 31U+D 32v+D33w = 0 (2Ic)

A generalization of the method successfully used on the corresponding two dimensional
problem (equations 10) would be the following double iterative procedure (see equations 18)

Dllup,i = <l>p-l-D 12 v p,i-l- D I3 W p,i-l

D 22 v p,i = 'Pp - 1 -D21Up,i-D23Wp,i-l

D33W p,i = Op-l-D31 Up,i- D 32t'p,i'

(22a)

(22b)

(22c)

It is the intention of the writer to pursue the present approach for three dimensional
problems in the future and possibly include the effects of large deformations.

Acknowledgement-Comments of Mr. Evan A. Davis are greatly apprecialed.
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APPENDIX A

EXPANSIONS OF THE GOVERNING EQUATION

1. Arbitrary three dimensional orthogonal curvilinear coordinate system

The equilibrium equation for coordinate direction XI is

o£'{ I 0£22 oy'{ 2 ay'{ 3
= ClI'l-a- + C22'I-a- + C12'2-

0
- + C13'3-:1-

'XI 'XI • X2 ' l.'X3

+C I I £'{I + C 22 €22 + C 33 <33 + C12y'{2 + C13y'{3

where

h l h3
C I :22 = 11-,;;

h l h2
C I ;33 = Il~

(Al)

(A2a)

(A2b)

(A2c)
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C,., = (2+2Jl)(- h2~3 oh,+ h3 (l
h2+ h2 Oh3) (A2d)

, h, 8x, h, 8x, h, OX,

C "2 = Jl Ch'~3 oh2+ h3 oh, +~ Oh3) (A2e)
. \ h2 OX2 h2 OX2 h2 OX2

C"3 = Jl (_ h'~2 oh3+~ oh2+h2 Oh') (A2£)
. h3 OX3 h3 aX3 h3 OX3

C, = 2[h3 a
2
h2+h2 02h3] _ Jl[h2 a

2
h, +h3 o2h, +~( Oh,)2+~( Oh,)2

h, Qxi h, oxi h3 ox~ h2 ox~ h,h2 OX2 h,h3 OX3

+~ ~~ oh3+~. oh, oh2_ h2 oh, oh3_ h3~ Oh2]
h2 OX2 OX2 h3 oX3 OX3 h~ OX3 OX3 h~ OX2 OX2

_2[h3 oh, oh2+h2~ ~h3] _(A+2Jl)[~(Oh2)2 +~(Oh3)2] (A2g)
. hi ax, (h, hi ax, (Ix, h,h2 ox, h,h3 ax,

C2 ;l2 = (A +Jl)h3 (A2h)

" h3 oh, ah 3
c 2;, = (A+3Jl)-h ~+()'+Jl)-a (A2i)

, vX2 X2

" h3 oh2
C2;2 = -(A,+3Jl)-h '-a (A2j)

2 x,

C
2

= (2+2Jl )[h
3~_ h; ah, ah,_~ oh~ ah3]

h, OX,aX2 h, ox, OX2 h3 ox, OX2

, [h3 ah, oh2 1 oh2 Oh3] o2h3-(IL+Jl) ---+--- +2--
h,h2 OX2 oX I h2 OXI OX2 OX,OX2

[
h3 Oh2 ah2 h3 o2h2 2 oh, Oh3]

+/1 - + - (A2k)
h~ ox, oX2 - h2 OX IOX2 h; oX 2 ox,

C3 ;13 = (Jc+/1)h2 (A21)

h2 0h l ah2 A2
C3 ;1 = (2 +3/1)-h ~-+(A+ Jl)~ ( m)

t uX3 UX 3

h2 ah 3
C3;3 = -(A+3/1)-h -;- (A2n)

3 uX,

C
3

= ().+2j.t)[h2~_ h; ah i ah,_~ ah2 Oh 2]
h, OX IOX3 h, ax , OX3 h2 OX, OX3

, [h2 oh , ah3 1 oh3 Oh2] , c2h2-(A+Jl) ---+--- +IL--
h,h3 aX3 ax, h3 ax, OX3 eX,OX3

[
h2 Oh3 ch3 h2 a2h3 2 oh , Ch2]

+/1 h~ CX, OX3 -h3 CX
1
0X3 +h; aX3 ax, (A2o)

ClI;1 = 2Jlh2h3 (A2p)
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(A2q)

(A2r)

(A2s)

(A2t)

(A2u)

(A2v)

(A2w)

(A2x)

The corresponding equations for the other coordinate directions can be obtained by
cyclic rotation of the subscripts 1, 2, 3.

2. Plane strain
The above equations also hold for two dimensional plane strain conditions. In that

case

U3 = 0, h) = 1

and furthermore all derivatives with respect to X3 are zero.

3. Plane stress
For plane stress conditions the coefficients in equation (AI) take the forms:

h.,
CI ;l1 = h-

t

I-v hI
C I ;22 = -2- h

z

C
t
•
t

= 1/ ohz_ hz Oh t )

, ~OXt hi oX I

C I.Z = I-v .~(OhI_hI Ohz)
. 2 hz OXl hz oXz

C v (OZhz 1 oh t Ohz) 1 (Ohz)2
I = hI aX! -ht OXI OX I -h Ih2 oX t

I-vf-1 (Oh t )2 18hz oh l 1 8
Z
htJ

+-2-Lh 1hz oXz +h~ 8xz oXz -h2 ' ox~

(A3a)

(A3b)

(A3c)

(A3d)

(A3e)
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I+v
CZ;IZ = -2-

C
Z
'
1

= 3-v.~ oh l + I-v ohz
. 2 hI oXz hz oXz

3-v 10hzCz·z = -----
. 2 hz oX l

Cz =~~_~ oh l oh l + I-V(~ ohz OhZ_~~)
hI ox1oxz hi OXI oXz 2 h~ oX l oXz hz OXlOXZ

1+v 10hz oh l-------
2 h1hz OXl oX 2

Cll;l = hz

I-v
ClZ;z = -2-hl

(A3f)

(A3g)

(A3h)

(A3i)

(A3j)

(A3k)

(A31)

(A3m)

(A3n)

(A30)

All other coefficients are zero.

APPENDIX B

DESCRIPTION OF A NUMERICAL METHOD OF SOLUTION

Due. to symmetry only one-fourth of the actual region needs to be considered. This
quarter is divided into curvilinear network of squares, as shown on Fig. B1. The angle dO
is n/2N, so that On = nn/2N. From geometrical relations the radius can be expressed as
rm = ~m-la, where ~ = (2+de)/(2-de~ Similarly drm = (~_I)~m-za. The derivatives
of some function 4> at radius rm with respect to r can be obtained as

(BIa)

(BIb)



An analytic method for elastic-plastic solutions

N

---iC"=-- .L---+t-t++ 1++-+-+--Fl--+-+ +-+-+-+-1--10

FIG. B1. Illustration for the numerical solution.

where the % - S are constants

561

(B2)

Derivatives with respect to ecan be written as

d4>1de n = %6(4)n+ 1- 4>n- I)

d
2

4> )de2 n = %7(cPn+1- 24>n+4>n-l)

where

(B3a)

(B3b)

(B4)
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Define the following constants for convenience

bs = (1- V)X 6

l+v
b6 = -2-X1X6

bs = 2-v

b9 = 2v-l

b10 = VX 1

b11 =-VXZ

I-v
b13 = T X l +x3 )

I-v
b14 = ---x - 2x2 4 7

b16 = 2x6

b17 = VX6

I-v
b19 = --2-X2

b20 = ~1-l')

(B5)

At any stage of the computations, when the displacements u,v and the plastic strain com
ponents f.;, f.;, Y;8' are substituted into the governing equations, they will not be satisfied
identically. The error at the point (m, n) in finite difference form can be written as

RUm,n = r~ [b 1Um+l.n +b2 um•n+b3um- l,n +b4 (um,n+ 1 +Um,n-l) +bs(vm,n- 1 - Vm,n+ d

+ b6(vm+l,n+ 1 - Vm+l,n- j) +b7(vm- l,n- 1 - Vm- I,n+ dJ
-~ rx f." + b f." - x f." + b "r

m
L1 r m +l,l1 8 ~m,n 2 rrn-l,n lOE'Om+l,n

+b9 f.;m,n +b ll f.;... _l,n +bdY;8m,n+ 1 -Y:.'em,n- J} (B6a)

RVm,n = r~[bI3Vm+ l,n +b14L'm,n +b IS L'm-l,n +xivm,n+ 1 +Vm,n- d+b I6 (Um,n+ 1 - Um,n- d

+b6 (um+ I,n+ 1 -Um+I,n- d+b 7(um-l,n-l -Um- 1,n+ I)J

_~rb (f." - f." )+x (f." -f." )rm L17 'm,n + 1 'm,n - 1 6 8m,n + 1 8... ,n - 1

+b IS Y;8m+ 1 ,n +b19 y;.om-l,n +bzoy;.om,nJ. (B6b)

Note that subscripts here denote locations as shown on Fig. B1. After these preliminaries
the numerical solutions can be outlined as follows.

First, the known elastic solution [4] is used. The displacements are calculated for every
point (m, n) and the plastic strains are set equal to zero. Thus equations (14) are satisfied
identically. When the displacements of the exact elastic solution are substituted into the
equations (B6) small residuals are obtained because of the finite difference representation
of the differential equations. Name these residuals R: and R: .Later in the computa-
tions these residuals will serve as limits of convergenc~:n m,n

Based on the elastic solution the plastic strains are estimated. This process is described
in [1-3J in detail and only a brief review is given here for the deformation theory. From the
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uniaxial stress-strain curve an effective total strain, effective plastic strain relation is
deduced. The instantaneous effective total strain is assumed to be correct and the corres
ponding effective plastic strain is computed from the known relation between them.
Denote their ratio as I/Im,n = f.~ff~)f.eff~.n' The estimates for the plastic strains will now
be

£;nt,n = tl/Jm.n(2E"r - £0 - €z)m.n,

f.;;~,n = tl/lm.n(2f.8 - f.r - f.z)m.n'

and due to the incompressibility of the plastic part of the material

(B7a)

(B7b)

(B7c)

(B7d)

Of course at the start the plastic strains will be different from zero only where the effective
stress of the elastic solution is larger than (ly.

Next the estimated plastic strain components are substituted into equations (B6)
which now have to be solved for the displacements u and v, so that the residuals Ru and
R" will be lower or equal to R: and R:, furthermore the appropriate boundary conditions
will be satisfied.

Some questions may arise concerning how the various derivatives of the plastic strain
can be evaluated at the neighborhood of the instantaneous elastic-plastic boundary. It
was found that for stress-strain curves of the type which are shown on Fig. 2 the transition
from elastic to elastic-plastic region is very smooth, therefore, no special considerations
are needed; equations (B6) can be used without modifications. When bilinear stress-strain
curves are used with very low strain hardening, the change is quite abrupt and the use of
appropriate forward or backward finite difference equations is advisable.

For the estimated plastic strain distribution equations (B6) are solved for u and v by a
simultaneous over-relaxation method. When operating on (B6a) the displacements v are
fixed and displacements u are replaced

(B8a)

(B8b)

where w is an over-relaxation factor obtained by trial and error. When operating on (B6b)
the displacements u are fixed and v are replaced

wR r 2
vnew = void _ Vrn,n m

m.n m,n b
14

Which of the two equations to operate on is decided on the basis of the maximum relative
deviation of Ru from R: and R v from R:.

In numerical solutions infinite regions cannot be really achieved. Instead an outer
boundary with a large radius, roo, is used. On this boundary the radial and shear stresses
are maintained the same as given by the elastic solution, and this distribution is considered
as an external load.

Instead of using special forward and backward operators at the boundaries, it is
convenient to use some fictitious points outside of the actual region and set the values at
these points of the displacements always so, that the boundary conditions be satisfied
at any time.
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Once equations (B6) are satisfied, a first approximation for the elastic-plastic problem
is known. The results however are not correct as yet and must be improved by computing
new plastic strain components on the basis of the latest effective total strains. During this
process not only the magnitudes of the plastic strains change but also the boundaries of
the plastic region, since certain points may move in or out of the instantaneous plastic
region. For the new plastic strains, equations (B6) are resolved again.

This process must be followed until the effective stresses and effective total strains
fall on or sufficiently close to the effective stress, effective strain curve.

The number of loops required depends mainly on the shape of the stress-strain curve,
and the degree of loading. In the examples given in the paper an average of twenty loops
gave sufficiently accurate answers.

In order to establish the effect of mesh size on the results, the most sensitive strain
concentration factors were plotted against variable mesh sizes used. It was found that
the factor is increasing for increasing number of mesh points but it also levels off and the
limiting value is quite easily predictable. The examples presented are on the basis of
M = 30, N = 20 (roo = 9'765). In most cases the computed and the predicted limiting
concentration factors are within a fraction of one percent. At the highest loads the deviation
is in the order of one per cent.

(Received 15 December 1965; revised 31 May 1966)

Resume-Le probleme general elastique-plastique it trois dimensions est formule en termes des deplacements
totaux et des composantes de deformation plastique. Les equations gouvernantes resultant sont applicable it des
systemes arbitraires orthogonaux curvilineaires coordines et it des theories arbitraires de plasticite. Une methode a
ete developpee pour la solution de deux problemes dimensionnels et est employee pour I'analyse d'un trou
circulaire dans une plaque plate sous une tension uniaxiale. La ml!me methode pourrait etre generalisee pour trois
dimensions.

L'objet du rapport est d'illustrer qu'une approche simple et directe peut l!tre employee pour formuler et
resoudre des problemes elastiques plastiques autrement tres compliques et non resolus pour la plupart.

Zusammenfassung-Das allgemeine dreidimensionale elastisch-plastische Problem wird durch Totalverschie
bungen und durch plastische Verzerrungskomponenten ausgedriickt. Die resultierenden Gleichungen konnen
angewendet werden in willkiirlichen, orthogonalen, krummlinigen Koordinatensystemen sowie in willkiirlichen
Theorien der Plastizitiit. Eine Methode fUr die Losung zweidimensionaler Probleme wird entwickelt und zur
Analyse einer ringf6rmigen Offnung in einer fiachen Platte bei einachsiger Spannung angewendet.

Dieselbe Methode konnte auch fiir drei Dimensionen verallgemeinert werden.
Es ist der Zweck der Arbeit eine einfache und direkte Methode zu linden urn elastisch-plastische Probleme.

die sonst sehr kompliziert und oft ungelost sind entsprechend zu formulieren und zu losen.

A6cTpaKT-06LQall TpexMepHali ynpyro-nnacTH'IeCKali np06JIeMa cjIoPMYJIHpyeTcli c TO'lKH 3peHHlI nOJIHblX

CMeLQeHHlI: H COCTaBHblX '1aCTell: nJIaCTH'IecKoll: ,l\ecjlopMaUHH. IIoJIY'lalOLQHeCli B pe3YJIbTaTe ynpaBJIlIlOLQHe

ypaBHeHHlI npHMeHHMbI ,!\JIll CHCTeM npOH3BOJIbHoil: opTofOHabHoil: KPHBOJIHHeil:Holl: KOOp,l\HHaTbI H B

npOH3BOJIbHbIX TeoPHlIX nnaCTH'lHOCTH. Pa3pa6oTaH MeTO,l\ ,l\JIli peLQeHHlI ,l\ByMepHblx np06JIeM, KOTOPblil:

npHMeHlIeTcli ,!\JIll aHaJIH3a KpyroBOro OTsepcTHli B nnocKoil: nnaCTHHe no,l\ O,l\HOOCHbiM HanplilICeHHeM.

3TOT lICe caMblll: MeTO,l\ MOlICeT 6biTb o606LQeH ,!\JIll Tpex pa3MepHocTeil:.

UeJIb CTaTbH- nOllCHHTb TO, 'ITO Henocpe,l\CTBeHHblil: npocToll: no,!\Xo,l\ MOlICeT npHMeHlITbCli ,l\JIli

cjIoPMYJIHPOBKH H peLQeHHlI O'leHb CJIOlICHbIX H B 60JIblQHHCTse CJIy'laeB HHbIM cnoco60M Hepa3peLQHMbIX

nnaCTH'IecKHX npo6JIeM.


